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In the usual Lagrangian approach to gauge theories, the field-
particle interaction term involves the introduction of the field
potentials associated with the group symmetry of the field (for
instance, the electromagnetic four-potential for Uð1Þ or the poten-
tials, equal in number to the group generators, for the non-abelian
groups required in SUð2Þ or SUð3Þ). Much have being written and
discussed about the role played by the potentials as convenient
physical tools for describing physical processes in spite of not
being, at least classically, directly related to observation. It is not
my intention to add any further comment on this well known issue
as one of the main motivations for this work is to present a Weyl 2-
spinor approach in which a local Uð1Þ gauge invariance is ulti-
mately related to the electromagnetic E
!
and B
!
fields, without any
intervening use of the potentials, via the four-rank FABA
0B0 hermitian
spinor corresponding, in spinor language, to the usual Fab Maxwell
tensor. The local Uð1Þ gauge invariance, introduced in Section ‘‘Uð1Þ
Invariant lagrangian”, has as starting point a set of coupled spinor
equations obtained in a previous work (cited at the start of next
section) which being classical in origin are susceptible of describ-
ing intrinsic electronic spin. The mentioned spinor equations,invariant under Uð1Þ local phase transformations, together with
the corresponding transformation rule for the symmetric field spi-
nor /AB, will be used in Section ‘‘Quantization of charge” to
approach, in a new way, the old issue of charge quantization. Since
the work of Dirac [8] in 1931, introducing the subject, as far as I
know, it is the first time that this problem is addressed in a way
that avoids the introduction of the magnetic potential vector (see
the comments at the start of Section ‘‘Quantization of charge”
about the intrinsic difficulty with the magnetic potential when
dealing with a magnetic monopole).
The 2-spinor formalism and notation used here follows those
adopted by Penrose and Rindler [1]. Capital index letters take the
values 0 and 1. Indices are raised and lowered with the skew met-
ric spinor AB following the rules nA ¼ ABnB; nB ¼ ABnA. For any spi-
nor nAnA ¼ 0. In order to understand this paper, the reader is
asumed to have some familiarity with the relatively unfamiliar
2-spinor formalism and calculus. Some years ago Penrose pointed
out (in the book cited above) that 2-spinor calculus applies to a
deeper level of structure of space-time than the familiar world-
tensor calculus. Now we will see how the 2-spinor lenguage, via
the spinor equations, unveils a Uð1Þ local gauge invariance related
to the electromagnetic field strength quantities instead of the
potentials. Possibly, in the usual vector-tensor lenguage, this
invariance would have never been found.
Although the monopole issue is many years old, there are rela-
tive new motivations to consider it again as in 1974, another very
good argument emerged. Polyakov [2] and ’t Hooft [3] discovered
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about the unification of the fundamental interactions.Spinor equations
In a previous article [4], the following linear first order differen-
tial spinor equations (the derivative is taken with respect to the
proper time s) were introduced:
dgA
ds
¼ e
m
/ABgB
dpA
ds
¼ e
m
/ABpB:
ð1Þ
As shown in [4], these coupled equations, in natural units
h ¼ c ¼ 1, are equivalent to the Lorentz Force. However, we shall
see that in the spinor version, describe the motion of a 1/2 spin
particle of mass m and charge e (typically an electron) under an
electromagnetic field described by the symmetric second-rank spi-
nor /AB, explicitly given by
/AB ¼ 1
2
 E1 þ B2½  þ i E2  B1½  E3 þ iB3
E3 þ iB3 E1  B2½  þ i B1 þ E2½ 
 
: ð2Þ
In turn, /AB and its complex conjugate /A
0B0 form the antisym-
metric four-rank electromagnetic field spinor
FABA
0B0 ¼ AB/A0B0 þ A0B0/AB; ð3Þ
where AB is the spinor metric
AB ¼ 0 11 0
 
: ð4Þ
The solution of Eq. (1) determine the four momentum of the
particle given by the hermitian spinor defined as superposition of
the two null directions pApA0 and gAgA0 as [14]
pAA
0 ¼ 1ﬃﬃﬃ
2
p pA pA0 þ gAgA0
h i
: ð5Þ
Since pAA
0
is to represent the four-momentum of a massive par-
ticle, must be time-like and certainly fulfill the condition:
pAA
0
pAA0 ¼ m2: ð6Þ
On the other hand, following the standard representation, the
different components of pAA
0
are labeled according to
pAA
0 ¼ p
000 p01
0
p10
0
p11
0
 !
¼ 1ﬃﬃﬃ
2
p p
0 þ p3 p1 þ ip2
p1  ip2 p0  p3
 !
: ð7Þ
This last expression must be used when solving a specific case,
via the spinor equations, to identify the components of pAA
0
in the
solution.
Now, taking into account the precedent relations and irrespec-
tive of any specific representation of pAA
0
, the spinor translation of
the Lorentz Force equation in tensor form
d
ds
pa ¼ e
m
Fabpb; ð8Þ
is given by
_pAA
0 ¼ e
m
FABA
0B0pBB0 ; ð9Þ
(the dot meaning derivative respect to proper time). In any case, if
the Eq. (1) are to be equivalent to the Lorentz Force equation they
must lead to the last expression, which is just the spinor transcrip-
tion of the familiar tensor equation. This is clearly seen, making useof (1), in the following quick calculation in which, for short, I take
e=m ¼ 1 and drop the 1=
ﬃﬃﬃ
2
p
factor:
_pAA
0 ¼ _pA pA0 þ pA _pA0 þ _gAgA0 þ gA _gA0
¼ /ABpB pA0 þ /A0B0 pB0pA þ /ABgBgA
0 þ /A0B0 gB0gA
¼ A0B0/ABpB pB0 þ AB/A
0B0pB pB0 þ A
0B0/ABgBgB0 þ AB/A
0B0gBgB0
¼ AB/A0B0 þ A0B0/AB
 
pBB0
¼ FABA0B0pBB0 :
ð10Þ
There is an important difference between the tensor form of the
Lorentz Force and the spinor equations. In the first case, it does not
make any sense to ask about the behavior of a particle at rest under
the action of a magnetic field. However, as we shall see, Eqs. (1)
give a solution describing spin precession. This is a consequence
of the fact that any tensor equation can be translated into the 2-
spinor form while the opposite is not in general true [5]. In fact,
by simple inspection of the 2-spinor equations of motion (1), it is
evident that they do not have any tensor counterpart.
For a constant magnetic field B
!
in a fixed direction given by the
unit vector bn ¼ sin h cosu; sin h sinu; cos hð Þ, the field spinor /AB, in
spherical coordinates ðr; h;uÞ, from (2), can be found to be given by
/AB ¼ i1
2
B
 sin heiu cos h
cos h sin heiu
 !
: ð11Þ
If we lower the second spinor index and multiply by i, we get
~/AB  i/AB ¼ 
1
2
B
cos h sin heiu
sin heiu  cos h
 !
: ð12Þ
The first of Eq. (1) written in the physical components corre-
sponding to contravariant spinors can now be written as
i _gA ¼  e
m
~/AB g
B: ð13Þ
In ~/AB we recognize the familiar spin operator in a direction
given by the unit vector bn. The reason behind this, as outlined in
[4] and introduced in a previous work [6] is that in the usual tensor
lenguage, the magnetic field vector is related to rotations of the
spatial part of the four-momentum pa, therefore to the SOð3Þ rota-
tion subgroup of the Lorentz group. In Spinor Space Sð2;CÞ; B
!
is
related (for a particle at rest) to internal rotations of the spinors,
hence to SUð2Þ as universal covering group of SOð3Þ. In the general
case of electric and magnetic fields, the relation is between the
whole Lorentz Group and SLð2;CÞ.
If h ¼ 0, there are two kinds of solutions depending on whether
the particle is at rest or in motion. In the first case we have
pAA
0 ¼ p
000 p01
0
p10
0
p11
0
 !
¼ 1ﬃﬃﬃ
2
p m 0
0 m
 
: ð14Þ
Together with
~/AB  i/AB ¼ 
1
2
B
1 0
0 1
 
: ð15Þ
The solutions of (13) and a similar equation for pA, taking into
account (5) and the condition (6) are
pAðsÞ ¼ ﬃﬃﬃﬃmp exp i e
2m
Bs
  1
0
 
; gAðsÞ ¼ ﬃﬃﬃﬃmp exp i e
2m
Bs
  0
1
 
;
ð16Þ
being eigenspinors of the spin operator S3 with eigenvalues 1=2
respectively. For the frequency we have
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m
B: ð17Þ
This frequency is corresponding to spin precession of a spin
one-half electron with a g-factor 2 (the anomalous magnetic
moment can only be accounted for in QED). The 1/2 factor in the
solutions is due to the peculiar topology of fermions which need
a 4p rotation to return to their original state (the same result can
eventually be obtained with the Dirac equation although the calcu-
lations are more involved).
Next we consider the case p
!
–0. The solutions are now:
p0ðsÞ ¼ p0ðs ¼ 0Þexp i eB
2m
s
 
;
p1ðsÞ ¼ p1ðs ¼ 0Þexp i eB
2m
s
 
;
g0ðsÞ ¼ g0ðs ¼ 0Þexp i eB
2m
s
 
;
g1ðsÞ ¼ g1ðs ¼ 0Þexp i eB
2m
s
 
;
and therefore
p00
0 ¼j p0ðs ¼ 0Þj2þ j g0ðs ¼ 0Þj2 ¼ constant;
p01
0 ¼ p0ðs ¼ 0Þp10 ðs ¼ 0Þexp i eB
m
s
 
þ g0ðs ¼ 0Þg10 ðs ¼ 0Þ
exp i eB
m
s
 
¼ Aðs ¼ 0Þexp i eB
m
s
 
;
p11
0 ¼j p1ðs ¼ 0Þj2þ j g1ðs ¼ 0Þj2 ¼ constant;
where Aðs ¼ 0Þ is a complex number whose value is to be deter-
mined from the initial conditions. The p01
0
component can thus be
written in the form
p01
0 ðsÞ ¼ A1 cos eBm s
 
þ A2 sin eBm s
 
þ i A2 cos eBm s
 
 A1 sin eBm s
  
: ð18Þ
With A1 ¼ RefAðs ¼ 0Þg and A2 ¼ ImfAðs ¼ 0Þg. We get finally
for the components of the four-momentum:
p00
0 ¼ 1ﬃﬃ
2
p ðEþ p3Þ ¼ constant
p11
0 ¼ 1ﬃﬃ
2
p ðE p3Þ ¼ constant
( )
) E;p3 ¼ constant; ð19Þ
p01
0 ¼ 1ﬃﬃﬃ
2
p ðp1 þ ip2Þ )
p1 ¼ A1 cos eBm s
	 
þ A2 sin eBm s	 
 
p2 ¼ A2 cos eBm s
	 
 A1 sin eBm s	 
 
( )
;
ð20Þ
corresponding to helical motion around the z-axis.
Since the spinor equations are two coupled first order differen-
tial equations for the 2-spinors pA and gA and the Dirac equation is
also first order involving a four-component spinor, it seems ade-
quate to see if there is some connection between them. To this
end we start with the expression of the four-momentum
pAA
0 ¼ 1ﬃﬃﬃ
2
p pA pA0 þ gAgA0
h i
: ð21Þ
Contraction of this equation with pA and of its covariant coun-
terpart with gA0 leads to
pAA
0
pA ¼ mﬃﬃﬃ
2
p gA0
pAA0gA
0 ¼  mﬃﬃﬃ
2
p pA;
ð22Þwhere the use has been made of pAgA ¼ m; gA0 pA
0 ¼ m which are
a consequence of (6).
Quantization follows from the transcription of pAA
0
to the
operator:
rAA0 ¼ 1ﬃﬃﬃ
2
p @0 þ @3 @1 þ i@2
@1  i@2 @0  @3
 
; ð23Þ
and reinterpretation of the spinors pA and gA and their complexes
conjugate as wave functions. The Dirac equation of a free particle
in spinor form is thus [1]
rAA0pA ¼ mﬃﬃﬃ
2
p gA0
rAA0gA0 ¼  mﬃﬃﬃ
2
p pA:
ð24Þ
The extension of the former equation to the corresponding of a
particle interacting with an external electromagnetic field follows
the minimal coupling rule
rAA0 ! rAA0  eAAA0 : ð25Þ
The coupling via the four-potential spinor AAA
0
manifests the
essential difference with the spinor equations in which the action
of the electromagnetic field is mediated by the E
!
and B
!
fields.Uð1Þ Invariant lagrangian
Following the same line of development leading to the usual
formulation of Uð1Þ gauge theory (based on 4-spinors and the Dirac
Equation), it is convenient to define a lagrangian density, for a free
particle, along the classical path of the particle (with dimension
energy per unit length) as
L ¼ _gApA; ð26Þ
together with the Euler Lagrange equations
d
ds
@L
@ _gA
 @L
@gA
¼ 0: ð27Þ
With similar equations for the spinor pA. The former equations
lead to _pA ¼ 0) pA ¼ const.
We now consider the consequences of imposing invariance
under local (along the classical path parametrized by s) phase
transformations
gA ! eiaðsÞgA
pA ! einðsÞpA: ð28Þ
The phase parameters aðsÞ and nðsÞ cannot be independent as
the spinors gA and pA are also not independent since (5), they
are related by the condition
pAA
0
pAA0 ¼j pAgAj2 ¼ m2: ð29Þ
In consequence gApA ¼ const., leading to the constraint
nðsÞ ¼ aðsÞ.
As the classical trajectory should not be affected by any phase
transformation, it is apparent that local gauge transformations
leave invariant the four-momentum of the particle:
pAA
0 ¼ 1ﬃﬃﬃ
2
p pA pA0 þ gAgA0
h i
:
However, the free lagrangian (26) transforms to
L ! i _agApA þ _gApA ¼ i _aABgBpA þ _gApA: ð30Þ
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 e
m
/ABgBpA; ð31Þ
and impose the condition for the new field /AB of transforming,
under local phase transformations, as1
/AB ! /AB þ i
m
e
_aAB; ð32Þ
then, the new lagrangian
L ¼ _gApA  em/ABg
BpA; ð33Þ
is invariant under Uð1Þ local-phase transformations. The transfor-
mation that holds for the conjugate second-rank spinor /A0B0 , is
given by
/A0B0 ! /A0B0  i
m
e
_aA0B0 : ð34Þ
These kinds of transformations leave however invariant the
associated four-rank spinor of the Maxwell field strength
FABA0B0 ¼ AB/A0B0 þ A0B0/AB:
From the Euler Lagrange equations applied to the lagrangian
given by (33) it is immediate to obtain
_pA ¼  em/ABp
B: ð35Þ
This equation and those given by (1) are gauge invariant. This
property will be used in next section for the specific case of the
field created by a magnetic monopole.
Quantization of charge
The local gauge invariance of the equations of motion, through
the transformation of /AB, whose components are the electric and
magnetic field strengths, can be applied to a long standing issue:
The quantization of charge in the presence of a magnetic monopole
put forward by Dirac in 1931 [8]. As it has always been known, the
root of the problem is the incompatibility of the vector potential
definition B
!
¼ r A
!
with r: B!–0 when a magnetic monopole is
the source of B
!
. To circumvent this problem Dirac [10] introduced
later the notion of a string attached to the monopole. However, as
was shown by Wu and Yang [11] in 1975, it is not possible to
define a global singularity free Al in the presence of a monopole.
The usual way out consists of defining two different four potentials
Al, in the north and south regions of the monopole (each singular-
ity free in their respective regions), differing by a gauge transfor-
mation in the overlapping region and thus leading to the Dirac
quantization condition (2el ¼ n;l being the magnetic charge of
the monopole), via the requirement imposed to the gauge transfor-
mation of being single-valued. The procedure just outlined and the
hypothetical existence of the strings attached to the monopoles
have been the subject of some controversy (see, for instance, the
review by Preskill [13]) which survives to the present day.
As already mentioned, the monopole vector potential cannot be
smoothly defined everywhere in space. However, and since the
electromagnetic field tensor Fab is defined globally, perhaps the
singularity of the vector potential can be avoided in an alternative
mathematical description free of singularities of any kind. We shall1 From a pure mathematical point of view, the validity of transformation (32) is a
consequence of the following theorem applied to valence-2 spinors (see Steward. J
Advanced General Relativity. 1991 Cambridge Univ. Press. Page 69): Any spinor sA...F is
the sum of the totally symmetric spinor sðA...FÞ and (outer) products of 0s with totally
symmetric spinors of lower valence.
2 The relationship between the quantization of the electric charge and the
mathematical concept of the compactness of the gauge group was pointed out by
C.N. Yang in 1970 (see Yang CN, Charge quantization, compactness of the gauge
group, and flux quantization. Phys Rev D 1970;1(8):2360)..show that this is indeed the case.
For a monopole of magnetic charge l the field spinor /AB, in
spherical coordinates ðr; h;uÞ, from (2), is given by
/AB ¼ i l
2r2
 sin heiu cos h
cos h sin heiu
 !
: ð36Þ
Consider now one of the two equations of motion of an electron
in the magnetic field of the monopole, for instance
_gA ¼ e
m
/ABgB: ð37Þ
As we are free to choose the Uð1Þ group parameter, we take the
azimuthal angle u, and consider the usual gauge transformation
(found in many text books and elsewhere):
gA ! gAeieu: ð38Þ
Invariance of (37) requires a transformation of /AB according to
/AB ! /AB þ im _u AB ð39Þ
However, since the electric charge e is not an integer (in almost
every system of units), a phase factor of the form exp½ieu produce
an inconsistent result when we perform a 2p rotation (for fixed r
and h) u! ðuþ 2pÞ, as /AB, given by (36), return to its original
value while the phase factor exp½ieu does not. We are thus led
to consider only irreducible representations of the group Uð1Þ, iso-
morphic to the compact2 circle group T, which, as is well known, are
of the form
einu ð40Þ
with n 2 Z.
In view of the precedent considerations, in the presence of a
monopole, the natural prescription for a quantization rule would
be el ¼ n, which was proposed by Schwinger [9] some years ago
and corresponds to the dimensionless coupling constant el
(el=hc in conventional gaussian units) between the electron and
the monopole. However, this condition, as it stands, is inconclusive
since a gauge transformation expði2eluÞ also leaves (37) invariant
and leads to the quantization condition of Dirac 2el ¼ n.
To proceed further let us locate the electron at rest either in the
positive or negative z-axis (h ¼ 0 or h ¼ p) at some distance r. Solv-
ing the equations of motion for both spinors gA and pA, with the
constraint condition gApA ¼ m, we find (in qualitative agreement
with the solution of the Dirac equation for an electron at rest in
a constant magnetic field [12])
pAðsÞ ¼ ﬃﬃﬃﬃmp ei el2mr2s
0
 !
; gAðsÞ ¼ ﬃﬃﬃﬃmp 0
ei
el
2mr2
s
 
; ð41Þ
for the positive axis, the solutions for the negative z-axis being
pAðsÞ ¼ ﬃﬃﬃﬃmp ei el2mr2s
0
 !
; gAðsÞ ¼ ﬃﬃﬃﬃmp 0
ei
el
2mr2
s
 
: ð42Þ
As the choice of the positive (negative) axis is a matter of con-
venience, reflected in the Maxwell spinor FABA
0B0 being the same in
both situations (in tensor lenguage Fab is not). If we take one of the
spinors, gA for instance, we see that both solutions are related by
the gauge transformation
gA ! gAei
el
mr2
s ð43Þ
Together with
3 At the end of Section ‘‘Spinor equations”, when obtaining the Dirac Equation for a
ee particle, the reinterpretation of the spinors as wave functions is justified as the
nvention usual for the dimension of Dirac’s spinor wave function for free particles is
lso square root of energy (in natural units).
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e
dX
ds
 
X1; ð44Þ
with ð/ABÞþ and ð/ABÞ corresponding to the positive and negative
z-axes respectively and both related by the gauge transformation
X ¼ ei elmr2s: ð45Þ
Let us now examine under what conditions X can be written in
the form given by (40) satisfying the irreducible representation
condition of the compact group Uð1Þ. First we note that el=mr2
is the Larmor frequency xL (with a g-factor 2) due to the spin pre-
cession at the electron location. If the Schwinger quantization con-
dition el ¼ n (el=hc ¼ n in conventional Gaussian units) holds, for
n ¼ 1:
X ¼ eielxLs ¼ eixLs ¼ eiu; ð46Þ
and for any integer n
X ¼ einxLs ¼ einu: ð47Þ
The integer n, the magnetic (electric) charge in units of 1=e
(1=l), is a winding number: the number of times XðuÞ covers the
Uð1Þ gauge group as u varies from 0 to 2p. In this picture, the elec-
tric and magnetic coupling constants are dual to each other.
Upon substitution of the Larmor frequencyxL in the spinor solu-
tions of the equations of motion it is apparent the spin one-half
behavior of the electron of returning to itself after a 4p rotation.
To end this section, there are a few comments about the Dirac
condition. Curiously enough, Dirac in his first and subsequents
studies [7,10] about the subject did not take into consideration
the electron spin. Other approaches also ignored the possibility
of a certain dependence with the spin (There is an early, nonrela-
tivistic, contribution of Goldhaber [15] to the role of spin in the
monopole problem). Although the spinor equations are only valid
for spin one-half particles, we can tentatively and in an heuristic
way argue that for a charged particle with intrinsic spin 1 (a Wþ
for instance) the solutions of the equations of motion, being classi-
cal and equivalent to the Lorentz force albeit incorporating internal
degrees of freedom, could be used (Note that the group SLð2; CÞ
include representations of half-integer spins and integer spins
[5]). However, for a spin 1 particle the Larmor frequency (g-
factor = 1) is
xL ¼ el2mr2 : ð48Þ
The gauge transformation would be then
X ¼ ei2elxLs ¼ ei2elu; ð49Þ
leading to the Dirac quantization condition.
Electron paramagnetic resonance
Although the contents of the last two sections of this article are
its main motivation. We should not forget the fact that spin 1=2,
which have always being considered as a purely quantum phe-
nomenon, in the present study seems to appear also in a classical
description when using the 2-spinor formalism. In fact, the spinor
Eq. (1) describing the interaction of fermions (or bosons in certain
circumstances) with electromagnetic fields opens the possibility
of being susceptible of application in some cases pertaining to
molecular physics or, in general, quantum chemistry. In a recent
study [17] it has been proposed as a new model in which the exis-
tence of a kind of particles, or quasiparticles, called Bondons, should
play the role of a quantum in chemical interactions, in much the
same way as the photon in quantum electrodynamics (see also
[18]). However, we note that our equations are classical anddescribe deterministic motion under electromagnetic fields, or U
(1) local symmetry induced fields, (incidentally the above men-
tioned theory is formulated in the context of the DeBroglie–Bohm
theory which is also deterministic, although incorporating the
Schrodinger wave function). Given the predictive behavior and
properties of many compounds, it seems at least plausible that
the Spinor equations might be of some practical applicability in
chemistry. Challenged by this perspective, in what follows we shall
attempt to handle the well known case of electron paramagnetic
resonance and will see that the exact relativistic solution, at low
energies, is coincident with the NR Schrodinger solution. A general
formulation, within the actual context, of a truly quantum theory
(particle based) for the chemical bonding is outside the scope of
the present paper.
To begin with, we shall consider a system of N  1 electrons
assumed to be in thermal equilibrium with their surroundings
and free to orient their spins relative to any external magnetic field
(a symmetry spontaneously broken by introducing a magnetic
field) and with an average thermal energy kT large compared to
the interaction energy with the field (since the macroscopic con-
siderations are well known, we shall mainly concentrate in the
main equations). Given that, the dynamic problem to consider is
a spinning electron in the field of a large static magnetic field in
the z-direction B0 acted upon by a driving oscillating weak mag-
netic field B1 in the x-y plane. Our problem is then to solve the spi-
nor equations under the conditions just described. In order to work
with the physical components of Eq. (13), we start by lowering one
of the indices in (2), getting
/AB ¼
1
2
E3 E1 þ iE2
E1  iE2 E3
 
þ i1
2
B3 B1 þ iB2
B1  iB2 B3
 
: ð50Þ
When there are only magnetic fields, the above equation
reduces to
/AB ¼ i
1
2
B3 B1 þ iB2
B1  iB2 B3
 
: ð51Þ
Now, in our case, the B3 component corresponds to the static
field B0 while the other are associated to the x and y components
of the B1 field in the Cartesian coordinates. Accordingly, if x is
the frequency of the driving field, we can write
/AB ¼
1
2
i
B0 B1expðixtÞ
B1expðixtÞ B0
 
ð52Þ
For one of the spinor, the equation to solve is thus
i
dgA
ds
¼ e
2m
/AB g
B; ð53Þ
in matrix notation
i
d~g
ds
¼ e
2m
B0 B1expðixtÞ
B1expðixtÞ B0
 
~g; ð54Þ
with ~g a one-column matrix with components g0 and g1 respec-
tively. This last equation is essential for the study of electron para-
magnetic resonance. In particular it is coincident with the equation
found in [16], with the only distinction of the proper time s instead
of the laboratory time (a natural choice in the NR approximation
made) and always having in mind that the 2-spinors gA and pA,
in our formulation, are not wave functions (even on dimensional
grounds having dimension of an square root of energy3). As in most
practical situations in molecular physics, the NR approach is suffi-fr
co
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As done in the mentioned book, we shall seek for a solution of the
form
~gðtÞ ¼ ﬃﬃﬃﬃmp expðiktÞ a1exp ixt2	 

a2exp ixt2
	 
" #; ð55Þ
where a1 and a2 are numerical constants. As the calculations are
somewhat lengthy, we shall only present the final solution and dis-
cuss what should be the essential points for the interested reader,
mainly the curious point of finding, within a classical deterministic
description, the same results of the quantummechanical treatment.
Assuming that the rotating field B1 is in resonance with the field
inducing spin precession B0, then
x ¼ x0 ¼ eB0m ; ð56Þ
k ¼ x1
2
; ð57Þ
and
a2 ¼ a1: ð58Þ
There are two linearly independent solutions:
~gðtÞ ¼
ﬃﬃﬃﬃ
m
p
exp ix1t
2
  exp ix0t2 
exp ix0t2
 
264
375: ð59Þ
In the classical language we are using, instead of speaking about
transitions from one of the two solutions (or states) to the other, it
is more adequate to see, if starting from one specific configuration,
the system can evolve classically to another one. To be more speci-
fic, consider that at t ¼ 0 the spin of the electron is pointing in the
positive z- direction, then
~gðt ¼ 0Þ ¼ ﬃﬃﬃﬃmp 1
0
 
: ð60Þ
From the two linearly independent solutions found, we choose a
combination meeting this requirement, mainly~gðtÞ ¼ ~gþðtÞ þ ~gðtÞ: ð61Þ
Written as a column matrix
~gðtÞ ¼ ﬃﬃﬃﬃmp cos x1t2
	 

exp ix0t2
 
i sin x1t2
	 

exp ix0t2
 
264
375 ð62Þ
For t ¼ 0, the z-component of the spin is in the upward direc-
tion, but as time goes on there is a spin-flop. At a later time
x1t ¼ p, the z-component of the spin is 1=2 and for x1t ¼ 2p,
the spin is again in the upward direction. Classically, ~gðtÞ is a con-
tinuous function taking all intermediate values reflecting the
deterministic behavior of the spinor equations in the absence of
an attempt to measure any characteristic parameter of the system.
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